show that a refinable function with absolutely summable mask cannot have exponential decay in both time and frequency.
INTRODUCTION
An important feature of orthonormal wavelets is that expansions with respect to these bases can be computed by fast algorithms via underlying subband filtering schemes. This is due to the "nested" structure of the associated multiresolution analysis [1, 2] . In the past ten years, many wavelet bases with excellent localization and smoothness properties have been constructed. Examples are compactly supported orthonormal wavelets of smoothness C", for any fixed Ic > 0; the Meyer wavelet which is C" and decays faster than any inverse polynomial; and the BattleLemarie wavelets which are C" and have exponential decay. However, there is a limit to how smooth and how localized such orthonormal wavelets can be: It is now well known that orthonormal wavelets cannot simultaneously be C" and have exponential decay at infinity. This fact is proved in [3] and in [4, Corollary 5.5.21 ; these proofs are based on the fact that orthonormal wavelets which are in Cn must have n + 1 vanishing moments.
On the other hand, it is known that for waveletfiames, which allow redundancy, the smoothness is not inexorably linked to vanishing moments. For example, the Mexican hat wavelet g(z) = (1 -x2) e-x2/2 is in Coo even though it has only two vanishing moments; it also has exponential decay at co. On the other hand, the Mexican hat wavelet transform is not efficiently computable by the kind of fast algorithm that subband filtering schemes provide. Therefore, the question remains of whether there can exist frames which are C" and have exponential decay, and which are also associated with fast implementation schemes of generalized subband filtering type, such as the "algorithme a trous," see [5, 6] . More precisely, we consider wavelet frames generated by a function $ which is a (finite) linear combination of translates of an L1-function 4 satisfying a refinement equation: This result is stronger than the no-go theorem of Battle in [3] , which says that there is no function 4 such that 4 and 3 both have exponential decay at infinity, and such that the functions in {$ (. -k) ; k E Z} are orthonormal.
In fact, Battle's result applies more generally to the case that {4(+ -k); k E Z} is merely a Riesz basis for its closed linear span, for then the Gramorthogonalization trick used in [7] can be used to reduce the problem to Battle's result. However, our present result applies regardless of whether the 4(. -k) are independent or not.
MAIN RESULT
We first prove that F(r) and the mask coefficients hk cannot both have exponential decay. Note that for practical implementations, exponential decay of the hk is really what matters (rather than exponential decay of 4).
THEOREM. If 4 is a refinable L1-function satisfying (1.1) such that both 3 and {hk}kEZ have exponential decay, then 4 z 0.
PROOF. On the other hand, it is easy to check that all the 2jL& are different elements of (0, n), so that m(t) vanishes on a bounded infinite set {2jL&}.
Since m(l) is analytic by Step 1, m(t) is identically zero; this implies 4 E 0, and contradicts the assumption F(O) # 0 at the end of Step 1. I
The no-go theorem announced in the introduction will then follow from combining this theorem with the lemma below: is bounded for real <, which means that every zero of 4(t) on the real axis is also a zero of 4(25) with at least the same multiplicity. Then y' > 0, and m(t) is analytic on (-7r,37r) x (-y', 7'). By the 2?r-periodicity of m(t), it follows that m(c) is analytic on the whole strip ]Im[] < 7'. Thus, the hk, being Fourier
